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Abstract

We show that if v is a regular Laguerre-Hahn form (linear functional),
then the form u defined by (x — 83)ou = —Mv and o(x — Bo)u = 0 where
ou is the even part of u, is also regular and Laguerre-Hahn form for every
complex A\ except for a discrete set of numbers depending on v. We give
explicitly the recurrence coefficients and the structure relation coeflicients
of the orthogonal polynomials sequence associated with u and the class of
the form v knowing that of v. An example related to the associated form
of the first of Jacobi is worked out.
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1. Introduction

In many recent papers, different construction processes of Laguerre-Hahn or-
thogonal polynomials (O.P) grow from well known ones, particularly the asso-
ciated of classical ones. For instance, we can mention the adjunction of a finite
number of Dirac’s masses to Laguerre-Hahn forms [1, 6, 8], the product and the
division of a form by a polynomial [2, 3,8, 10, 12].

The whole idea of the following work is to build a new construction process
of a Laguerre-Hahn form, which has not yet been treated in the literature of
Laguerre-Hahn polynomials. The problem we tackle is as follows:

We study the form u, fulfilling (z — 33)ou = —Av, A#0, (W)ant1 = Bo(u)2n,
where ou is the even part of u, §y € C and v is a given Laguerre-Hahn form.

This paper is arranged in sections : The first provides a focus on the prelim-
inary results and notations used in the sequel. We will also give the regular-
ity condition and the coefficients of the three-term recurrence relation satisfied
by the new family of O.P. In the second , we compute the exact class of the
Laguerre-Hahn form obtained by the above modification and the structure rela-
tion of the O.P. sequence relatively to the form wu will follow. In the final section,
we apply our results to an example. The regular form found in the example is
Laguerre-Hahn of class § < 3.

Let P be the vector space of polynomials with coefficients in C and let P’ be
its dual. We denote by (v, f) the action of v € P’ on f € P. In particular,
we denote by (v), := (v,2™),n > 0, the moments of v. For any form v and
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any polynomial h let Dv = v/, hv, 6., and (z — ¢)"'v be the forms defined
by: <U/7f> = <U7f/>7 <h’U,f> = <Uahf> ; <5c7f> = f(C),

(©)

and ((z —¢)"tv, f) := (v,0.f) where (6.f)(x) = f(xa)c%’ ceC, feP.

Then, it is straightforward to prove that for f € P and v € P’, we have
(=) ((z = cv) = v — (v)ode , (1)

(x—c)((x—c)flu) =u. (2)

Let us define the operator o : P — P by (o f)(z) := f(z?) . Then, we define
the even part ov of v by (ov, f) := (v, f).
Therefore, we have [7, 9]

f@)(ov) = o(f(z*)v) , 3)

(Jv)n = (U)Qn ,n=>0, (4)
The form v will be called regular if we can associate with it a sequence {S,, }n>0
(deg(Sn) < n ) such that
(0, 808m) =Tndpnm, n,m>0, r,#0, n>0.

Then deg(S,) = n, n > 0, and we can always suppose each S,, monic (i.e.
Sp(xz) = 2" +---). The sequence {5, },,>0 is said to be orthogonal with respect
to v. It is a very well known fact that the sequence {S,},>o satisfies the
recurrence relation (see, for instance, the monograph by Chihara [7])

Snt2(z) = (2 = &nt1)Sn41(2) — pny1Sn(@) , n >0, (5)
Sl(i)zdf—fo, S()(.I)Zl
with (ﬁn,pnﬂ) eCxC—-{0}, n>0, by convention we set pg = (v)o = 1.
In this case, let {Sﬁl)}nzo be the associated sequence of first kind for the

sequence {Sy }n>0 satisfying the three-term recurrence relation [7]

(@) = put2Si)(x), n >0,

SV@)=e—&, SV =1, (8N =0). (6)

Another important representation of S is, (see [7])

SO () = <v7 Sn+1(92 : ?n+1(<)> N0, 7)

Also, let {S,, (., ) }n>0 be co-recursive polynomials for the sequence {S,, },>0
satisfying [7]
Sal, 1) = Sp(w) — uSSYy, n>0. (8)

We recall that a form v is called symmetric if (v)2,+1 = 0,n > 0. The
conditions (v)2,+1 = 0, n > 0 are equivalent to the fact the corresponding monic
orthogonal polynomials sequence {S,},,>0 satisfies the recurrence relation (5)
with &, =0, n >0 [7].

Now let v be a regular, normalized form (i.e. (v)g = 1) and {S,}n>0 be its



corresponding sequence of polynomials. For a fy € C and A € C*, we can define
a new form u as following;:

(W)an+2 — B5(W)an = —A(W)n » (Want1 = Bo(Wan , (W)o=1, n>0. (9)

Equivalently,
(x — B2)ou= —\v, o((z—Bo)u) =0. (10)
From (1) and (10), we have

ou=—-\z—3)" v+ dpz - (11)
Remarks. (i) (10) is equivalent to
(2?2 = BDu = —w , (12)
where the form w defined by
ow=v, olx—LFG)w=0.

Notice that w is not necessarily a regular form in the problem understudy. In [2],
the authors have solved where w is regular and 3y = 0 and in [4], the problem
(12) is solved when [y # 0 and w is regular.

(ii) The case By = 0 is treated in [11], so henceforth we assume [y # 0.
PROPOSITION 1. [9] The form u defined by (10) is regular if and only if ou and
(x — B%)ou are regular.

PROPOSITION 2. The form u is regular if and only if X\ # A\, , n > 0 where

Sh 2
Xo=0, Anﬂzﬁ,nzo. (13)

Sn’ (B3)
Proof. We have u is defined by (10). Then, according to Proposition 1. u is
regular if and only if (z — 32)ou and ou are regular. But (z — 33)ou = —Av

is regular because A # 0 and v is regular. So u is regular if and only if ou =
Mz — B3 tov+ 6z is regular. Or, {S,},>0 is the corresponding orthogonal
sequence to v, and it was shown in [10] that ou = —\(x —ﬁg)_lv—l—éﬁg is regular
if and only if A # 0, and S, (33,A) # 0,n > 0. Then we deduce the desired
result.m

When u is regular let {Z,},>0 be its corresponding sequence of polynomials
satisfying the recurrence relation

Zosa(@) = (@ — (1) 50) Zus (@) = o1 Zalz) , n >0,

14
Zl(.’ﬂ):x—ﬁo, Z()(Ll?):l. ( )

Let us consider its quadratic decomposition [7,9]:
Zon(x) = Pa(2®),  Zopy1(x) = (x = Bo) Ra(2?) (15)

The sequences {P,, }n>0 and {R,},>0 are respectively orthogonal with respect
to ou and (z — B2)ou.
From (13), we have

R.(z)=S,(x), n>0. (16)



PROPOSITION 3. We may write

=N, Yent2 =0an, Yont3 = pZH , n=0, (17)
where 5 (52 3
n+1{M0>
Op = =725, n=>0. 18
CHEY &
For the proof, we need the following lemma:
LEMMA 4. We have
Z5) (@) = Ra(a®, ), 250 (@) = (@ + Bo) PP (%), n>0.  (19)

Proof. Using (7) and (15), one has
Zon(C) = (u, Zz”“(x Z2"+1(<)> (wactsonthevariable )

<u, ﬁo)R (z 2) éC*ﬁO)R (gZ)>

= {uy Ra(C?) (& — o) BalE) a0
= Rn(¢?) + (u, (1 + Q) — o) B} =B
= Ru(¢) 4 {u. (0% = ) — (B0 — Q) — ) L= () -
= Rn(C?) + {(z — B3)ou, %> (from (10))
= Fn(C) = Ao, Lg(cw (from (10))
= R, (¢%) = AR, (¢?) (from (7))
:Rn(<27 A)

For the proof of the second relation see the proof of the Lemma 4.2 in [5].
Hence, we get (19). m

Proof of Proposition 3. Using (10) and the condition (u, Z3) = 0, we obtain
v =—A\

From (6) and (14) where n — 2n and taking (16) and (19) into account, we
get

1
Snt1 (iﬂQ, —71) = (v — ﬂo)Zén)H(x) — Y2n+25n ($2, —’71) .
Substituting = by [y in the above equation, we obtain 7y, 19 = ay,.
From (14), we have

_ <u, Z22n+2> <u, Z22n+3> _ <u Z22n+3>
Y2n+272n+3 = <’LL, Z22n+1> <U, Z§n+2> - <7.L Z2n+1> (20)

Using (5), (10) and (15) — (16), equation (20) becomes

Y2n+2Y2n+3 = Pn+1, (21)

Pn+1

then we deduce 72,43 =
n

2. The Laguerre-Hahn case

Let us recall that a form v is called Laguerre-Hahn when it is regular and
satisfies a linear non-homogeneous differential equation [2]

P(2)S (v)(2) = B(2)S? (v)(2) + Co(2)S(v)(2) + Do(z) , (22)



where ® monic, B, Cy and Dy are polynomials and S(v)(z) is the formal Stieltjes
function of the form v, namely

Sy = -3 W (23)

n>0

The class of the Laguerre-Hahn form v is s = max (deg(®) — 2, deg(B) — 2, deg(Cp) — 1)
if and only if the following condition is satisfied [2]

LT (B + Co(e)| + [Do(e)]) # 0, (24)
ceZ

where Z denotes the set of zeros of ®.

The corresponding orthogonal sequence {S,}n>0 is also called Laguerre-Hahn
of class s.

The Laguerre-Hahn character is invariant by shifting. Indeed, the shifted form
0 = (hg-10t_p)v, a € C— {0}, b € C satisfies

D(2)S' () (2) = B(2)S%(0)(2) + Co(2)S () (2) + Do(z) , (25)
with
{ i?(z) =a*®(az + ), B(z) =a"*B(az +1),
Co(z) = a'=*Cy(az +b) , Do(z) = a®>*Dg(az +b) , k = deg(®) .

The forms ¢,v (translation of v) and h,v (dilation of v) are defined by

{tyo, f) = (v, f( + ), (hav, f) = (v, f(az)), [feP.

The sequence {S,(x) = a="S,,(ax 4 b) },>0 is orthogonal with respect to © and
fulfils (5) with

R —b R
gn = La Pn+1 = %7 n > 0. (26)

We can state characterizations of Laguerre-Hahn orthogonal sequences. {Sy }n>0
is Laguerre-Hahn of class s if and only if one of the following statements holds:
(a) The form v satisfied the functional equation [2]

(@(x)v)/ +U(x)v + Bz 'v?) =0 (27)
with
U(z) = -9 (z) — Co(x). (28)
We also have the following relation:

Do(z) = —(v0p®) (z) — (v0¥) () — (v*62B)(x). (29)

(b) { Sy }n>o fulfills the following structure relation (written in a compact form):

()l 41 () — B(2)SM (z) =

(Cons(®) = Col@)Snss (@) — ps1Dusr(@)Su(a) , n 20, 0

P
1
2



where

Chi1(x) = —Cph(x) + 2(x — &) Dp(x) ,n >0,
prt+1Dny1(z) = —@(2) + pp Dy (I) (xfgn) Cn(z)+ (31)
+(x —&.)*Dn(z) ,n >0,

@, Cy(x) and Dy(x) are the same polynomials introduced in (a); &,, p,, are the
coefficients of the three term recurrence relation (5). Notice that D_j(x) =
B(x),degC,, < s+ 1 and deg D,, < s,n >0 [2].

In the sequel the form v will be supposed Laguerre-Hahn form of class s sat-
isfying (22) and (27) and using a dilation in the variable 5y, we can take him
equal to one.

PROPOSITION 5.  For every A € C — {0} such that S,(1,A) # 0,n > 0, the
form u defined by (10) is reqular and Laguerre-Hahn. It satisfies

i)(z)S’ (u) (z) = B(z)S2 (u) (z) + C’O(z)S(u) (z) + Do(z), (32)
where
B(2) = (= — 1)8(:2),
B(z) = =227 '2(2 = 1)*B(2?), (33)
Co(2) = 22(2 — 1)Co(2?) — ®(2%) — 4)\_1,2( 1)B(2?),
Do(z2) = —22(A71B(2?) 4+ ADy(2%) — Cy(2?)),
and u is of class § such that § < 2s + 3.
Proof. From (10) and (23), we have
S(w)(z%) = =2z —1)S(u)(z) — AL (34)

Make a change of variable 2 — 22 in (22), multiply by —2\z and substitute
(34) in the obtained equation, we get (32) — (33).
Then, deg(®) < 2s +5, deg(B) <2s+7and deg(Cp) < 2s + 4.
Thus, § = max(deg(®) — 2, deg(B) — 2,deg(Cy) —1) <25+ 5. m
As an immediate consequence of (32) — (33), the form u satisfies the functional
equation
(du) + Tu+ Bz"w?) =0, (35)

where ® is the polynomial defined by (33) and

U(z) = - (2) — Co(x) = 2z(x — D)W (2?) + 4Az(z — 1)B(z?) . (36)
PROPOSITION 6. The class of u depends only on the zeros v =0 and z =1 of
D,
Proof. Since v is a Laguerre-Hahn form of class s, S(v)(z) satisfies (22), where
the polynomials ®, B, Cy and Dy are coprime. Let ®, B, C and Dy be as in
Proposition 5. Let d be a zero of & different from 0 and 1, this implies that
®(d?) = 0. We know that |B(d?)| + |Co(d?)| + |Do(d?)| # 0
(i) If B(d?) # 0, then B(d) # 0,
(i) if B(d?) =0 and Cy(d?) # 0, then Co(d) # 0,
(iii) if B(d?) = Co(d?) = 0, then Dy(d) # 0, i i

whence |B(d)| + |Co(d)| + |Do(d)| #0 . m



Concerning the class of u, we have the following result.

PROPOSITION 7.  Let t = deg(®), r = deg B) p = deg(Cy), X(z) =
Co(2) — ADg(z) = A71B(2) and Y (2) = Co(z) — @ (2) — 2271 B(2), where the
polynomials ® ; B, Cy and Dqy are defined in (22).

For every A\ # A\, , n >0, the linear functional u defined by (10) is regular and
Laguerre-Hahn form of class § satisfying (32). Moreover:

1) If (0)(|®(1)] + [X(1)]) # 0, then

2s+5 ifr>p t<r+4+1,
5= . (37)
2s+3 otherwise .
2) If either
®(0) =0 and |®(1)| + | X(1)|#£0
or
®(1) = X (1) = 0 and S(0)(|Y (1)] + |X'(1)]) # 0,
then
~ 2s4+4 ifr>p t<r+1,
"7 2s + 2 otherwise . (38)
3) If either
®(1) = X(1) = ®(0) =0 and |Y (1) + | X (1)] £ 0
or
$(1) = X(1) = X (1) = V(1) = 0 and ®(0) # 0,
then
~ 2s+3 ifr>p t<r+1.
5T 2s+1 otherwise. (39)
4HIER(1)=X(1)=X (1) = Y(1) = ®(0) = 0, then
~ 2s+2 ifr>p t<r+1,
5= { 25 otherwise . (40)

Proof. 1) If ®(0)(|®(1)| + | X(1)]) # 0, then it is not possible to simplify (32)
according to Proposition 6. and the standard criterion (24). From (32), we have
deg(®) = 2t + 1, deg(B) = 2r + 3 and p := deg(Cp) < max(2p + 2,2t,2r + 2).
We will distinguish two cases:

(a) p < max(r,t — 1), then p < max(2r + 2,2t) and § = max(2r + 1,2t — 1). If
t<r+1,thens=2r+1=2s+5. Ift >r+1,then §=2t—1=2s+ 3.

(b) p > max(r,t — 1), then p=2p+2and § =2p+1=2s+ 3.

Thus, from the above situation, we deduce (37).

2) Using (24), we obtain the following cases:



(i) If ®(0) = 0 and |®(1)|4|X(1)] # 0, then it is possible to simplify (32) — (33)
by z. Thus, u fulfills (32) with

b(2) = 2(z — 1)(60®)(2%)

B(z) = =227 (z = 1)?B(2%) ,

Co(2) = 2(z = 1)Co(22) — 2(60®)(2?) — 4N~ (z = 1) B(2?)
Do(z) = 2Co(22) — 2ADg(2%) — 2XA"1B(2?) .

; (41)

Hence, we get B(0) = —2A"1B(0), Co(0) = —2Cy(0) 4+ 4A~'B(0) and Dy(0) =
200(0) — 2/\D0(0) — 2/\713(0)

Or |B(0)| + |Co(0)| + |Do(0)| # 0, then it is not possible to simplify (32) — (41),
which means that the class of u verifies (38).

(i) If (1) = X (1) = 0 and ®(0)(|Y(1)| +|X'(1)]) # 0, then u fulfills (32) with

b(z) = B(2?)
B(z) = —2A7'2(z = 1)B(z?)
Co(z) =2200(22%) — (2 +1)(6:®)(2?) — 4\ "12B(2?) , (42)

Do(z) = 2Co(22) — 2ADg(2%) — 2XA" 1 B(2?)+
+2(Z + 1)(91(00 — ADg — )\_IB))(ZQ) R

and the class of u verifies (38).
3) Using the standard criterion (24), we obtain the following cases:
(i) If (1) = X(1) = ®(0) = 0, then we can simplify (32) — (41) by z — 1.
We obtain
®(2) = 2(602)(z%) ,
B(z) = —2A"'(z = 1)B(z%)
Co(z) = 2Co(2%) — (8 )( %) = (2 + 1)(00012)(2%) — AN B(2?) |
Do(2) = =2(z + 1) (61 (A" B + ADo — Co))(2?) .

(43)

Therefore the class of u verifies (39) if [V (1)| + | X (1)] # 0.

(i) If ®(1) = X(1) = X (1) = Y(1) = 0, then we can simplify (32) — (42) by
(z—1).

(2) = (. + 1)(6:12)(z)
B(z) = —2A"12B(2?) ,
0(2) = 2Co(2%) — (6,9)(22) — 4X"1B(2?)+
+2(2+ 1) (61 (Co — 0@ — 2271 B))(+2) ,
Dol2) = —2(= +2)(6:(A""B + ADy — Co)) (%)
—4(z + 1)(02(A"1B + ADg — Cy)) (22) .

(44)

Thus the class of u verifies (39) if ®(0) # 0.
Assuming that ®(1) = 2®'(1) = 0, then from the condition Y (1) = 0 we obtain



Co(1) = 2A7'B(1). Thus from the last result and the condition X(1) = 0,
we get Do(1) = A72B(1). So that, in this case we have B(1) # 0, since v is
Laguerre-Hahn form of class s and so satisfies (24).

4) If ®(1) = X(1) = X' (1) = Y(1) = ®(0) = 0, then it is possible to simplify
(32) — (43) by z — 1. Thus u fulfills (32) with

(2) = (2 + 1)(006019)(2%) + (00®)(2°) ,
B(z) = —2X\"'B(2?) ,
0(2) = 2(z + 1) (61 (Co — 0pb1® — 2271 B)) (%)~
—(2+2)(06:2)(z) ,
Do(z) = —=2(0:(A\"'B + ADg — Cp)) (22)—
—4(z + 1) (62 (A

(45)

1B+ ADg — Oo))(ZQ) .

Then,the class of u verifies (40). m

According to Proposition 5, the form w is also Laguerre-Hahn and its O.P
sequence {Z, },>o satisfies a structure relation. In general, {Z,},>¢ fulfils

(@) Z11(2) ~ B@) 23 (x) =
1, . . (46)
*(Cn—&-l(x) - CO(x))Zn-&-l(x) — Yn+1Dny1(2) Zn(2) 1 =0,

with

Yot1Dni1(2) = =@(2) + 9 Dn1(2) = (& = (=1)")Cu(2) + (& — (=1)")? Dy (),
Crs1(@) = =Cu(@) +2(x = (=1)")Dy(2), .1 >0,
. N N N (47)
where Cy(z) , Do(x) are given by (31) and yoD_1(x) = B(x).
We are going to establish the expression of C, and D,, , n > 0 in terms of
those of the sequence {5y, }n>0-

PROPOSITION 8.  The sequence {Zy }n>0 fulfils (46) with (forn >0)

{ C:'2n+1(17) = ®(2?) 4 2z(z — 1)(Cn(2?) 4 272041 Dn(2?)) , (48)

Dopi1(z) = 22(x — 1)2D,, (2?).

{ Consa(@) = ~(a) + 20( = 1)(Cua (@) + 2y2ui2 D), o)
Dapia(z) = 22(Von42Dn(@%) + Yon43Dng1 (2%) + Crya (2?)) .

Co(z) and Dy(x) are given by (31) and Ani1 by (17).

Proof. Change x — 2,

obtain by taking (15) — (16), (19) and (33) into account,
B(@) Zoy 11 (7) = B(@) 23 (@) = {w(x = 1)(Cu(a?) — Co(a?) + 2271 B(a?))
+ O(x }Z2n+1 x) = 2ppx(x — 1)Dy(2) Zon_1(x), n > 1.
Using (14) and (21) where n — 2n — 1, the last equation becomes
B(2) Zayy 41 () = B@) 25, (@) = {w(w — 1)(Cn(a?) = Co(a?) + 221 B(a?) +
+272n+1Dn(2%)) + ®(2%) } Zop i1 (z) —

n — n — 1 in (30) and multiply by 2z(z — 1)%, we



—27ant12(x — 1)2Dy, (22) Zap (z), n > 0.

From (46) and the above equation, we have for n > 0

{ Cons1(x) = Col)
2

- Xn(%“)} Zon+1(z) = Yan+1 {D2n+1 - Yn(l“)} Zon(z)

with

Xa(@) = (C(a?) = Co(a?) + 2301 Daa?) — 2271 B@?) al — 1) + B(a?)
and Y,,(z) = 2z(z — 1)2D,,(2?).

Zon+1 and Zay, have no common zeros, then Zs, 1 divides Y, (z) — D2n+1(l‘),
which is a polynomial of degree at most equal to 2s + 5.

Then, we have necessarily Y, (z) — Do,i1(z) = 0 for n > s+ 2, and also

Con, e - .

X (z) = =2 +1($)2 0($)7 n > s+2. Therefore, Copy1(z) = 2X,,(x)+ Co(x)

and D41 = Y, (x), n > s+2. Then, by (31), we get (48) for n > s + 2. By

virtue of the recurrence relation (47) and (31), we can easily prove by induction

that the system (48) is valid for 0 < n < s+ 2. Hence (48) is valid for n > 0.
Finally, from (47) and (48), we give (49). m

3. Nllustrative example

We study the problem (10), with v := J®(a, 8) where JM)(a, ) is the asso-
ciated form of the first order of Jacobi form. Here [6, 9]

2_ 2
¢n = GnratsrCntatsry 0 20, (50)
— 4. (2 (ntat2)(ntp+2)(ntatpf+2) >0
Pr+l = 2 @ntatB43)2ntatBtd)?@ntatpis) @ )

The regularity condition is a, 8 # —n, a+ 3 # —n, n > 2.
{ O(z) =22 -1, B(z)=4ltfret(G+])

(at+A¥3)(atft2)? > 51
02— 32 ( )
\I/(LL') = —(OZ +/8 + 4){E T atB+2

{Dn(as):2n—|—a+ﬁ+3, (52)
52
. o?—32
We assume (a+ 8+ 1)(a+1)(8+1) # 0, then v is Laguerre-Hahn form of class
s=0.
Using (5) and (50), we get
27l
(a+08+2n+3)

Sa(1) = 2" 5 bu(e, B), n>0, (53)

where for n > 0

l(F(a+n+2)F(a+ﬁ+n+2) _ r(a+ﬂ+1)r(n+2)r(ﬂ+n+2)) a#0

@ T(a+1) L(B+1)
bn(avﬂ) = " 1 1
F(n—l—Z)F(n—i—ﬂ—l-?)E ( + ), a=0.
— k+1 p[B+k+1

(54)

10



From (6) and (50), we obtain by induction

1)1\ — on (a+B+2)*(a+3+3)
S = BT e s grams ) @A, nz0, (59)
where for n > 0
(a+B+1)(B+1) T(B+n+3)(a+8+n+3)
(56)
By virtue of (8), (53) and (55), we deduce
2n
Sn(L)‘) = I‘(a+ﬂ+2n+3)d"0\’a’6)’ n>0 (57)
where for n > 0
(a+B+2)2%(a+B+3)

dn()‘7a7/8) = (a+ﬂ+]—)bn(a7ﬂ)_)‘ Cnfl(oﬁﬂ)a C*l(avﬁ) =0.

Aa+1)(B+1)

(58)
Then, u is regular for every A # 0 such that
(a+1)(B+1)(a+ B+ 1)bn(a B)
M T A+ Dt Bt Dena(@p) " (58)
(18) and (57) give
4y = — 2 dn+1 ()\aa7ﬁ> n > 0. (60)

(a+f+2n+3)(a+p+2n+4) dy(\a,fB)’

Then,with (17), we obtain for n >0

71:7A7
2 dn—‘—l()\ya?ﬂ)
Yon+2 = — )
(a+pB+2n+3)(a+p+2n+4) d,(\a,p)
_ o(nt2)(a+tn+2)(B+n+2)(atf+n+2) di(N o, p)
Tants = (a+B+2n+4)(a+B+2n+5) dn+1()\,a,ﬁ)(' |
61

Taking into account that the form v is Laguerre-Hahn and by virtue of Propo-
sition 5, the form w is also Laguerre-Hahn. It satisfies (32) and (35) with

=0

)= (= Dt 1), Be) = o3 S - e,

U(z) = —2z(x — 1) ((a B2+ S0 160! <a+3+1>(a+1><ﬁ+1>> :

a+p+2 (a+B+3)(a+5+2)?
(62)
~ 2 2 o o
Co(w) = —o* +22(x 1) (<a +5+2)a% + £505 — 16A7! (<:f5i§§<:iéf$%)) +1,

~ 2 2 _ @ o
Do(x) = 2x( — (ot P)2 — 25 + W TR e+ 6+ 3>> :
(63)
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From (62) — (63), we have

B _ 2842 2(a+1)(8+1)
X(1)=—(a+5+3)A 1()‘+(rx+ﬁ+2)(a+ﬁ+3) At GHDat A )

(1) = _ olat)(a+p) —1 (a+B+1)(a+1)(B+1)
XM =atf+2, Y()=2"7555" -8 (a+B+3)(at5+2)% -

Now it is enough to use Proposition 7 in order to obtain the following results:
. . B 28+2 2(a+1)(B+1)

(i) If X satisfies (13) and A ¢ E = {_(a+ﬁ+2)(a+ﬁ+3)’ —(a+ﬁ+2)(a+ﬁ+3)}, then

the class of u is 5 = 3.

(ii) If X € E, then the class of u is § = 2 since X (1) # 0.

Now, we are going to give the elements of the structure relation of the sequence

{Zn}nZO-
Using (52), (61) and Proposition 8., we obtain for n > 0

~ 2 2 @ [
Colx) = —a* + 2u(x — 1) ((a + 0+ 2% + S5ty — 16A7! &Jf;ﬁ%&:ﬁ%f;?) +1,

Ci(x) = 2x(x — 1) <(a + 03+ 2)z? + gigf; —2XMa+ B+ 3)) +at -1,
Cansalo) = 20 1) ((a+ 8-+ 20+ 02" + i

4 dn+1()\70‘7[3)> o SC4 +1

T (atBr2ntd) dn(ha,p)
2

~ 27
Cansa(w) =200 = 1)((a+ 5+ 204 )27 + i

(n+2)(atn+2)(B+n+2)(at+ftn+2) dn(Aa.5) 4
- (a+B+2n+4) dnﬂ(x,a,g)) +at -1,

a o?—3? —1(x [}
Dy(a) = —2w( —(a+ )0’ = 355 + A T i T A+ B+ 3>) ,

Dopii(x) = 2z(z — 1)2(a+ B+ 2n 4 3) ,

Dopio = Qx((a + B+ 2+ 4)2? + 20

at+B+2n+4
o (1 +2)(atnt2) (Btnt2)(atnt2) dysiaf) 2 _dy(haup) )
(ot 3+2n14) dnOaB) @Bt dupi ) ) -
(64)
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